


The Machine Learning Tragedy

I. the gods pose a learning problem

II. the protagonist finds a statistically  
ideal way to solve it

III.his way is cursed by NP-hardness

IV. he is banished to statistical inferiority

dramatic structure in iv acts



ℎ∗ ∈ ℝ𝐷 is unknown

supp(ℎ∗) are the positions of its 𝑆 nonzero entries

𝑆 is a constant fraction of 𝐷 

ℙ(supp ℎ ≠ supp ℎ∗ ) → 0 as 𝑀, 𝑆, 𝐷 → ∞

1 ≤ 𝑚 ≤ 𝑀 𝑥𝑚~𝑁 0,1 𝐷

𝑦𝑚 = ℎ∗, 𝑥𝑚 + 𝑔𝑚 for some 𝑔𝑚~𝑁 0, 𝜎2

with respect to the randomness of 𝑥𝑚 and 𝑔𝑚



min. 
1

𝑀
σ𝑚 ℎ, 𝑥𝑚 − 𝑦𝑚

2   s.t. ℎ 0 ≤ 𝑆                 

𝑀 = 𝑂(𝑆) 

𝑀 = Ω 𝑆  

ℎ



min. 
1

𝑀
σ𝑚 ℎ, 𝑥𝑚 − 𝑦𝑚

2 + 𝜆 ℎ 1                                 

𝑀 = Θ 𝑆 log(𝐷 − 𝑆)

ℎ



min.  
1

𝑀
σ𝑚 | ℎ, 𝑥𝑚 − 𝑦𝑚|   s.t. ℎ 0 ≤ 𝑆                

ℎ

𝑀 = O 𝑆

 ≌ 



 ≌ 



min.   σ𝑚 ℓ𝑚 /𝑀 

 s.t.   ∀𝑚 ∈ 1, … , 𝑀 , 𝑑 ∈ 1, … , 2𝐷 , 𝑑′ ∈ {1, … , 𝐷}

          ℓ𝑚 = 𝑝𝑚 + 𝑛𝑚

ℎ, 𝑥𝑚 − 𝑦𝑚 = 𝑝𝑚 − 𝑛𝑚

 ℎ𝑑 ≤ 𝐼𝑑 ⋅ ?

 𝐼𝑑′ + 𝐼𝑑′+𝐷 ≤ 1

 σ𝑑𝐼𝑑 ≤ 𝑆

 ℓ𝑚, 𝑝𝑚, 𝑛𝑚, ℎ𝑑 ≥ 0

 𝐼𝑑 ∈ {0,1}



ℎ∗

𝜂

෠ℎ

𝜂 − ℎ∗
2 ≤ 𝐶𝜎2

𝑆 log 𝐷

𝑀
𝜆 𝐶

𝑀 𝑆

ℎ∗ − ෠ℎ 
2

≤ C′log(… )

𝐶′

∝ 𝜎2 log 𝐷



෠ℎ𝑑 ∈
0 ∨ 𝜂𝑑 − 𝑂(log 𝐷) = 𝑎𝑑

𝐴𝑑 = 2𝑘𝑎𝑑 2𝑘𝑏𝑑 = 𝐵𝑑

𝐻𝑑 ∈

𝑏𝑑 = 𝜂𝑑 + 𝑂(log 𝐷)
𝜂𝑑

⊂ ℝ0+

⊂ ℤ0+

𝜂𝑑 𝑘

𝑘

෠ℎ − 𝐻/2𝑘
2



min.   σ𝑚 ℓ𝑚 /𝑀

 s.t.   ∀𝑚 ∈ 1, … , 𝑀 , 𝑑 ∈ 1, … , 2𝐷 , 𝑑′ ∈ {1, … , 𝐷}

          ℓ𝑚 = 𝑝𝑚 + 𝑛𝑚

𝐻/2𝑘, 𝑥𝑚 − 𝑦𝑚 = 𝑝𝑚 − 𝑛𝑚

          𝐻𝑑 ≤ 𝐼𝑑𝐵𝑑

 𝐼𝑑′ + 𝐼𝑑′+𝐷 ≤ 1

 σ𝑑𝐼𝑑 ≤ 𝑆

 ℓ𝑚, 𝑝𝑚, 𝑛𝑚 ≥ 0

 𝐻𝑑 ∈ {𝐴𝑑 , … , 𝐵𝑑}

 𝐼𝑑 ∈ {0,1}



min.   σ𝑚 𝐿𝑚 /𝑀

 s.t.   ∀𝑚 ∈ 1, … , 𝑀 , 𝑑 ∈ 1, … , 2𝐷 , 𝑑′ ∈ {1, … , 𝐷}

          𝐿𝑚 = 𝑃𝑚 + 𝑁𝑚

𝐻, 𝑥𝑚2𝑘 − 𝑦𝑚2𝑘 ≈ 𝑃𝑚 − 𝑁𝑚

          𝐻𝑑 ≤ 𝐼𝑑𝐵𝑑

 𝐼𝑑′ + 𝐼𝑑′+𝐷 ≤ 1

 σ𝑑𝐼𝑑 ≤ 𝑆

 𝐿𝑚, 𝑃𝑚, 𝑁𝑚 ∈ {… }

 𝐻𝑑 ∈ {𝐴𝑑 , … , 𝐵𝑑}

 𝐼𝑑 ∈ {0,1}



min.   σ𝑚 𝐿𝑚 /𝑀

 s.t.   ∀𝑚 ∈ 1, … , 𝑀 , 𝑑 ∈ 1, … , 2𝐷 , 𝑑′ ∈ {1, … , 𝐷}

          𝐿𝑚 = 𝑃𝑚 + 𝑁𝑚

𝐻, 𝑥𝑚2𝑘 − 𝑦𝑚2𝑘 ≈ 𝑃𝑚 − 𝑁𝑚

          𝐻𝑑 ≤ 𝐼𝑑𝐵𝑑

 𝐼𝑑′ + 𝐼𝑑′+𝐷 ≤ 1

 σ𝑑𝐼𝑑 ≤ 𝑆

          𝐿𝑚, 𝑃𝑚, 𝑁𝑚 ∈ {… }

 𝐻𝑑 ∈ {𝐴𝑑 , … , 𝐵𝑑}

 𝐼𝑑 ∈ {0,1}



 ≌ 

 ≌ 



𝑧𝑚 = 𝑦𝑚 + 𝜌𝑚 𝜌𝑚~𝑁 0, 𝑟2 .

min.   σ𝑚 𝐿𝑚 /𝑀

 s.t.   ∀𝑚 ∈ 1, … , 𝑀 , 𝑑 ∈ 1, … , 2𝐷 , 𝑑′ ∈ {1, … , 𝐷}

          𝐿𝑚 = 𝑃𝑚 + 𝑁𝑚

𝐻, 𝑥𝑚2𝑘 − 𝑧𝑚2𝑘 ≈ 𝑃𝑚 − 𝑁𝑚

          𝐻𝑑 ≤ 𝐼𝑑𝐵𝑑

 𝐼𝑑′ + 𝐼𝑑′+𝐷 ≤ 1

 σ𝑑𝐼𝑑 ≤ 𝑆

          𝐿𝑚, 𝑃𝑚, 𝑁𝑚 ∈ {… }

 𝐻𝑑 ∈ {𝐴𝑑 , 𝐵𝑑}

 𝐼𝑑 ∈ {0,1}



 ≌ 

 ≌ 



𝑥𝑚 𝑧𝑚



 ≌ 

 ≌ 



min.   σ𝑚 𝐿𝑚 /𝑀

 s.t.   ∀𝑚 ∈ 1, … , 𝑀 , 𝑑 ∈ 1, … , 2𝐷 , 𝑑′ ∈ {1, … , 𝐷}

          𝐿𝑚 = 𝑃𝑚 + 𝑁𝑚

𝐻, ҧ𝑥𝑚2𝑘 − ത𝑦𝑚2𝑘 = 𝑃𝑚 − 𝑁𝑚

          𝐻𝑑 + 𝜙𝑑 = 𝐼𝑑𝐵𝑑

 𝐼𝑑′ + 𝐼𝑑′+𝐷 + 𝜓𝑑′ = 1

 σ𝑑𝐼𝑑 + Ψ = 𝑆

          𝐿𝑚, 𝑃𝑚, 𝑁𝑚 ∈ {… }

 𝐻𝑑 ∈ {𝐴𝑑 , … , 𝐵𝑑}

 𝐼𝑑 ∈ {0,1}

 𝜙𝑑 , 𝜓𝑑′, Ψ ∈ ℤ0+



𝐿𝑚 𝑁𝑚 𝑃𝑚 𝐻𝑑′ 𝐻𝑑′+𝐷 𝐼𝑑′ 𝐼𝑑′+𝐷 𝜙𝑑′ 𝜓𝑑′ Ψ

ҧ𝑥𝑚,𝑑′ ҧ𝑥𝑚,𝑑′+𝐷

𝑑′ ∈ {1, … , 𝐷}𝑚 ∈ {1, … , 𝑀}

ത𝑦𝑚

𝑚
∈

{1
,…

,𝑀
}

𝑀 =
Ω 𝑆 = Ω(𝐷)



branchwidth

𝐾1 𝐾2

branchwidth   =   min      max   rank(𝐾1) + rank 𝐾2 − rank 𝐾 + 1
decompositions cuts

𝐾1 𝐾2

𝐾 =





•

•

•
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